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ABSTRACT
Linear prime labeling of a graph is the labeling of the vertices with {0,1,2---,p-1} and the direct edges with twice the
value of the terminal vertex plus value of the initial vertex. The greatest common incidence number of a vertex
(gcin) of in degree greater than one is defined as the greatest common divisor of the labels of the incident edges. If
the gcin of each vertex of in degree greater than one is one, then the graph admits linear prime labeling. Here we
investigate some direct tree graphs for linear prime labeling.
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I. INTRODUCTION

All graphs in this paper are finite di graphs. The direction of the edge is from v; to v; iff f(v;) < f(v;). The symbol
V(G) and E(G) denotes the vertex set and edge set of a graph G. The graph whose cardinality of the vertex set is
called the order of G, denoted by p and the cardinality of the edge set is called the size of the graph G, denoted by g.
A graph with p vertices and q edges is called a (p,q)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic notations and definitions are taken
from [1],[2],[3] and [4] . Some basic concepts are taken from Frank Harary [2]. In this paper we investigated the
linear prime labeling of some direct tree graphs.

Definition: 1.1 Let G be a graph with p vertices and g edges. The greatest common incidence number (gcin) of a
vertex of in degree greater than or equal to 2, is the greatest common divisor (gcd) of the labels of the incident
edges.

Definition 1.2 A Graph is said to be a di graph if each edge of G has a direction.

Definition 1.3 In-degree of a vertex in a digraph is the number of edges incident at that vertex.

Il. MAIN RESULTS

Definition 2.1 Let G = (V(G),E(G)) be a di graph with p vertices and g edges . Define a bijection

f:V(G) - {0,1,2,---, p-1} by f(v;) = i-1, for every i from 1 to p and define a 1-1 mapping

fir + E(G) — set of natural numbers N by f,;, (v;v;) = f(v;) + Zf(v]-) for every direct edge viv;. The induced
function f;, is said to admit linear prime labeling, if for each vertex of in degree at least 2, the gcin of the labels of
the incident edges is 1.

Definition 2.2 A graph which admits linear prime labeling is called linear prime graph.

Definition 2.3 Let G be the graph obtained by joining pendant edges alternately to the vertices of a path P, (n > 3).
G is denoted by P, O A(Ky).
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Theorem 2.1 Direct comb graph P, © Ky (n > 2) admits linear prime labeling.

Proof: Let G = P, O K, and let v,v,,---, v, are the vertices of G.
Here [V(G)| = 2nand |[E(G)| =2n-1.
Define a function f: V — {0,1,2,---,2n-1} by
f(v;) =i-1,i=1,2,--2n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling £, is defined as follows
fir 2121 v2;) = 6i-4, i=12,--n.
fior W2 V3i42)
Clearly f;,, is an injection.
gCin of (V2i+2)

ged of {f; (Vo v2i42)s fimr (Vais1 V2is2)}
gcd of {6i+1, 6i+2}

So, gcin of each vertex of in degree greater than one is 1.
Hence P, © Ky, admits linear prime labeling.

Example 2.1 G =P, O K;.

o
=

fig—-2.1
Theorem 2.2 Direct centipede graph P, O 2K; (n > 2) admits linear prime labeling.

Proof: Let G = P, © 2K, and let vy,V,,---,v3, are the vertices of G.
Here [V(G)| = 3nand |[E(G)| =3n-1.
Define a function f: V - {0,1,2,---,3n-1} by
f(v)) =i-1,i=1,2,--,3n
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f,;, is defined as follows

fipt W3i-2 V3i-1) = 9i-7, i=12-—-n.
fipt W32 v3;) = 9i-5, i=12-—-n.
fipt (V3i-2 V3141) = 9i-3, i=12-—-n-1.

Clearly f;;, is an injection.
In degree of each vertex is less than 2.
Hence P, O 2K, , admits linear prime labeling.

Example 2.2 G = P, O 2K..

fig—2.2
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Theorem 2.3 Direct hurdle graph Hd, (n > 3) admits linear prime labeling.

Proof: Let G = Hd, and let v;,V,,---,V,n.; are the vertices of G.
Here [V(G)| = 2n-2and |E(G)| = 2n-3.
Define a function f: V — {0,1,2,---,2n-3} by
f(v)=i-1,i=12,--,2n-2
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling £, is defined as follows
fopr (V1 v2) =2
Jiot (W2i V2141) = 6i-1, i=12--n-2.
fir W2 V2142) 6i+1, i=12,--n-2.
Clearly f;,, is an injection.
In degree of each vertex is less than 2.
Hence Hd,, admits linear prime labeling.

Example 2.3 G = Hd,

V1 Vi Vy Vg
G ) o ity RO
5 11
Vi Vs
fig—2.3

Theorem 2.4 Direct twig graph T,(n) (n > 3) admits linear prime labeling.

Proof: Let G = Ty(n) and let v;,V,,---,V3n4 are the vertices of G.
Here [V(G)| = 3n-4and |[E(G)| =3n-5.
Define a function f: V - {0,1,2,---,3n-5} by

f(v) =i-1,i=1,2,--,3n-4
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows
fl;l (v1 v2) =2
Jor (V3121 v3;) 9i-4, i=12,--,n-2.
fipt W3i-1 V3141) 9i-2, i=12,--n-2.
fipt W3i-1 V3i42) 9i, i1=12,--n-2.
Clearly f;;, is an injection.
In degree of each vertex is less than 2.
Hence P, O 2K, , admits linear prime labeling.

Example 2.4 G = T,(5).

vl V1 V3 V11
& : »0 —0
14 16
i wr
fig—24
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Theorem 2.5 Direct graph of P, OA(K;) (n > 3) admits linear prime labeling, if n is even and pendant edges start
from the first vertex.

Proof: Let G = P, OA(K;) and let V1,V2,'“,173Tn are the vertices of G.
Here [V(G)| = Z-and [E(G)| =~
Define a function f: V — {0,1,2,---, 3"2—_2.} by
fv) =i-1,i=12-- >
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling £, is defined as follows

fl;l (v1 v3) = 2.
fl;l (v v3) = 5.
* ; . -2
St (V3 V3111) = 9i-1, i=12,-—, "T
- i : -2
St V341 V3i42) = 9i+2, i=12--—, "T
N . - =2
St V3141 V3i43) = 9i+4, =12, "T
Clearly f;,, is an injection.
In degree of each vertex of G is less than 2.
Hence P, OA(K;), admits linear prime labeling.
Example 2.5 G = Pg OA(Ky).
V2 V3 V4 Vg V7 Vg
= 3 7 22 ©
2 lu l:o
Vi V5 V8

fig—-25

Theorem 2.6 Direct graph of P, OA(Ky) (n > 3) admits linear prime labeling, if n is odd and pendant edges start
from the first vertex.

Proof: Let G = P, OA(K;) and let v;,v,,---,v3n +1 are the vertices of G.
2

Here [V(G)| = 3”2+1 and [E(G)| = 3n2_1.
Define a function f: V - {0,1,2,---, 3n2_1} by
flv)=i-1,i=12,-, 3n2+1

Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;;, is defined as follows

fl;l (v, v2) =2
fl;l (v; v3) = 5.
fipt W31 V3141) = 9i-1, i=12-— ”2;1
fipt W3i41 V3i42) = 9i+2, i=12-—, ”2;1
fipt W3i41 V3i43) = Oi+4, i=12-—, ”2;3

Clearly f;;, is an injection.
In degree of each vertex of G is less than 2.
Hence P, OA(K), admits linear prime labeling.
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Example 2.6 G = Ps OA(K}).

V2 V3 V4 Vg v7
3 3 7
2 11 i’.\')
(O
Vi Vs Vs
fig - 2.6

Theorem 2.7 Direct graph of P, OA(K;) (n > 3) admits linear prime labeling, if n is odd and pendant edges start
from the second vertex.

Proof: Let G = P, OA(K;) and let v;,v,,---,v3n-1 are the vertices of G.
2

Here [V(G)] = Z—and [E(G)| =~
Define a function f: V = {0,1,2,-—, 3"2_3.} by
fv) =i-1,i=12-, 22

2
Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,, is defined as follows

fl;l vy v2) = 2.
* s - -1
St (03121 v3;) = 9i-4, i=12-—, ”T
" A . -1
fipt W3i-1 V3141) = 9i-2, i=1.2,-— "T
" A . -3
fipt W3i41 V3i42) = 9i+2, i=12- "T
Clearly f;,, is an injection.
In degree of each vertex of G is less than 2.
Hence P, OA(K,), admits linear prime labeling.
Example 2.7 G = Ps OA(KY).
v7

fig—2.7

Theorem 2.8 Direct coconut tree graph CT(m,n) (m,n > 2) admits linear prime labeling.
Proof: Let G = CT(m,n) and let v;,V,,---, Vi are the vertices of G.
Here [V(G)| = m+nand |E(G)| = m+n-1.
Define a function f: V — {0,1,2,--- m+n-1} by
f(v)=i-1,i=12,-—-m+n.

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;;, is defined as follows

for Wi Vi11) = 3i-1, i=1,2,--—-m-1.
ﬁ;l (vm vm+i) 3m+2i'3, i= 1,2,---,”.

-

< 158
@
JESR (C)Global Journal Of Engineering Science And Researches



i* THOMSON REUTERS

[Sunoj, 5(7): July 2018] ISSN 2348 - 8034
DOI: 10.5281 /zenodo.1307142 Impact Factor- 4.022
Clearly f,,, is an injection.

In degree of each vertex of G is less than 2.

Hence CT(m,n), admits linear prime labeling.

Example 2.8 G =CT(4,3)

<

fig— 2.8
Theorem 2.9 Direct double coconut tree graph DCT(m, n, k) (m, n, k > 2) admits linear prime labeling.

Proof: Let G = DCT(m, n, K) and let v;,V,,---, Vinensk @re the vertices of G.
Here [V(G)| = m+n+kand |[E(G)| = m+n+k-1.
Define a function f: V — {0,1,2,--- m+n+k-1} by
f(v;) =i-1,i=1,2,--m+n+k.
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,, is defined as follows

fipt Wi V1) = 2m+i-1, i=12,--m.
ﬁ;l (vm+i vm+i+1) = 3m+3i'1| i= 1,2,---,n-1.
ﬁ;l (Ymtn Vmtn+i) = 3m+3n+2i-3, i=1,2,--k.

Clearly f;,, is an injection.
gcin of (Vins1)

ged of {fiy (V1 Viny1), fipr (V2 Vimi1)}
ged of {2m, 2m+1}

1.

So, gcin of each vertex of in degree greater than one is 1.

Hence DCT(m, n, k), admits linear prime labeling.

Example 2.9 G = DCT(3,4,5)

@ =
ols
e

P

N

fig—2.9

Theorem 2.10 Direct banana tree graph B(n,k) (n, k > 2) admits linear prime labeling.

Proof: Let G = B(n,k) and let vi,V,,---,Vykens1 are the vertices of G.
Here [V(G)| = nk+n+land |E(G)| =nk+n.
Define a function f: V - {0,1,2,---,nk+n} by
159
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f(a)=0
f(v) =1i,i=12--nk+n.
Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling £, is defined as follows

ﬁ;l (a vi) = 2i, i=12,--n.
Jiot W Vg —vyte+i) = 2n+2(j-1)k+2i+j, j=1.2,--n.
i=12,--k

Clearly f,,, is an injection.
In degree of each vertex of G is less than 2.
Hence B(n,k) , admits linear prime labeling.

Example 2.10 G = B(4, 3)

I11. CONCLUSION
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Labeling of direct graphs plays an important role in the study of network related problems. Here we proved that
direct comb graph, direct centipede graph, direct twig graph, direct hurdle graph, direct graph of the graph obtained
by joining pendant edges alternately to the vertices of a path, direct coconut tree graph, direct double coconut tree
graph and direct banana tree graphs admit linear prime labeling. Further research can be carried out in labeling the

direct fire cracker graph and more tree graphs.
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